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Abstract
Our experimental data on relaxation of partially penetrated remnant ﬂux in YBCO thin samples shows diﬀerent rate
of relaxation at the outer front of the magnetic ﬂux and at the inner front, whereas in thick samples this rate is approximately the same. To clarify the origin of this diﬀerence a computer simulation of the process was undertaken. Both
experimental data and simulation suggest that shape of the sample is the key factor.
Diﬀerent relaxation of ﬂux at outer and inner front leads to important consequence: dependence of relaxation of
trapped ﬂux upon its conﬁguration, in particular, slow relaxation of alternate ﬂux compared with relaxation of unidirectional ﬂux.
Ó 2005 Elsevier B.V. All rights reserved.
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1. Introduction
The question, what kind of relaxation of magnetization might be observed in superconductors of
ﬁnite size is still under discussion [1–10], though it
was considered widely since the discovery of type
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II superconductivity. This process is interesting
because it provides knowledge about behavior of
vortices, their interaction, and thermoactivated
motion. It is also very important for bulk superconductor applications in levitation devices, motors,
generators, and bearings. Moreover, in ﬁnite plates
magnetization relaxation is of particular importance for bulk superconductor applications, where
plate-like superconducting elements are not in full
critical state. For optimal construction of such
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devices it is important to know both time dependance, which is mostly studied, and magnetic ﬂux
redistribution, which occurs with time. Here magnetization relaxation in YBCO plates is studied
by magneto-optical technique, MO, that allows
us to determine mean current, magnetization
relaxation, and spatial changes of magnetization
distribution.

2. Experimental
The experiments are performed with optimally
doped YBCO single crystals, and melt-textured
single domain YBCO, Tc = 93 K, using magnetooptical technique. All samples have rectangular
shape, and the main plane coincides with crystallographic ab-plane. Linear sizes of the samples are
varied from 0.2 to 2 mm, and thickness from
0.01 to 2 mm.
Relaxation of magnetic ﬂux, which penetrates
into the sample under external magnetic ﬁeld, as
well as relaxation of trapped magnetic ﬂux after
zero ﬁeld cooling (ZFC), and after cooling under
some external magnetic ﬁeld (FC) in wide temperature range is studied.
Well known, magneto-optical technique (MO)
allows one to visualize distribution of component
of magnetic induction Bz perpendicular to the
sampleÕs plane by means of thin optically active
indicator ﬁlm placed directly on the surface of
the studied sample.
Observations of distribution of Bz are performed with polarized-light microscope in reﬂected
light. The indicator locally rotates polarization of
incident light by some angle /, which is proportional to local Bz(x, y). /  tan /  Bz =Ba where
Ba is the saturation ﬁeld of indicator, which is
higher than 3000 Oe in our case. Rotation of polarization causes the variation of brightness of pattern, which depends upon / and the angle
between polarizer and analyzer prisms. Maximum
polarization rotation, /max is determined by indicator chemistry and thickness, here /max is about
10°. In our experiments polarizer and analyzer
prisms are uncrossed for the angle /max, which allows us to recover real ﬂux density from obtained
patterns through comparison of local brightness

of initial images with the brightness of the set of
calibration images taken at diﬀerent ﬁelds at temperature T, which is slightly higher than Tc. This
provides us with reliable information about magnetization distribution.
However, in theories one often speaks about
current relaxation, not about magnetization relaxation. Finding the exact current distribution from
Bz(x, y) distribution is diﬃcult because common
formula j  dB/dx is not valid for ﬁnite size sample and correct extraction of current distribution
from Bz(x, y), obtained experimentally, is impossible [11].
This ill-conditioned problem could be solved
directly only for a sample with ﬁnite size if one
supposes that current only depends upon two
coordinates, ~
j ¼~
jðx; yÞ, and does not change along
z-axis, which coincides with ﬁeld direction,
~
j 6¼ ~
jðzÞ. This assumption is true only in the case
when the whole sample is in critical state. Nevertheless, we can ﬁnd one among others possible
~
jðx; yÞ distributions, which produces this Bz(x, y)
following some ‘‘hand-made’’ reasonable suggestions about current ﬂow into the sample, like it
was done in [12] . We use a few suggestions: magnetic ﬁeld penetrates into the sample from sides,
which are parallel to the ﬁeld, penetration volume
is restricted inside the sample by inscribed ellipsoid, and initial current with constant value ﬂows
everywhere in the volume where the ﬁeld has penetrated (see insert in Fig. 1). All three points are in
agreement with E.H. Brandt calculations of ﬂux
penetration in superconductor of ﬁnite size.
So we have a satisfactory agreement between
experimental proﬁles of magnetic induction and
its derivatives, Bz(x, y), oBz(x, y)/ox oBz(x, y)/oy
with appropriate simulation curves everywhere
but the very sample interior, where inscribed ellipsoid approaches very close to the sample surface.
Dependencies Bz(x), dBz(x)/dx calculated along
the middle cross section of the sample for y =
const, for particular sample with ratio of height
and width, k = 7/200, with ﬁeld penetration depth
d = 99%, 80%, 50%, 20% of full penetration, are
shown in Fig. 1. One can see that ﬁeld penetration
depth is easily determined from dBz(x)/dx despite
of complicated shape of front of penetrated ﬁeld.
Moreover, the main part of dBz(x)/dx does not
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Fig. 1. Calculated proﬁles of trapped ﬂux distribution after FC
and correspondent ﬂux gradient for the sample with aspect
ratio k  30 (proﬁles are equivalent for penetration proﬁles
after ZFC).

depend upon this shape. So it is a way to determine
penetration depth from experimental curves Bz(x).
Good agreement between calculated dBz(x)/dx
and experimentally measured dBz(x)/dx conﬁrms
that this is the right way to determine a current
value, by ﬁnding a current that gives a theoretical
curve coinciding with experimental one. The same
procedure as described above is used for simulation of trapped ﬂux distribution, Fig. 2. Note,
proﬁles Bz(x) are not symmetric relative to the
maximum of trapped ﬂux when the current of
the same value ﬂow in diﬀerent directions in inner
and outer parts of trapped ﬂux. Analyzing plots of
Bz(x) and dBz(x)/dx we state again, that the most
information about penetration and current can
be obtained from dBz(x)/dx and not from Bz(x),
which have complicated shape and are very sensitive to the distance between indicator and the sample surface. Therefore derivatives are used for
analysis of all experimentally obtained proﬁles.
The ﬁeld up to 2700 Oe can be applied perpendicular to the sample crystallographic ab-plane in
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Fig. 2. The same for the remnant ﬂux after partial ﬁeld
penetration.

our experiments. This ﬁeld was high enough for
full penetration into the samples at T > 24 K
and low enough to be observed by MO. The observation of magnetization relaxation is started from
the moment of pulse magnetic ﬁeld switching oﬀ
(with rising time t  1 ms) and is performed during
time interval t  2000 s.

3. Experimental results
We studied penetration of magnetic ﬁeld and
relaxation of trapped ﬂux obtained both by cooling in magnetic ﬁeld and by exposure to external
magnetic ﬁeld after zero ﬁeld cooling. It is well
known that two conﬁgurations of trapped ﬂux
can be formed depending on the strength of applied magnetic ﬁeld. For zero ﬁeld cooling if the
magnetic ﬁeld strength is higher than 2Hp, where
Hp is a ﬁeld of full penetration, trapped ﬂux is
spread over the whole sample with maximum density at the center; if the external magnetic ﬁeld is
lower than 2Hp, distribution of magnetic induction
has two distinct maxima, which are located the
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deeper the stronger the ﬁeld. We found that while
conventional relaxation of magnetization takes
place for fully penetrated state, there are some
peculiarities for partially penetrated state.
At ﬁrst, we consider relaxation of remnant ﬂux
in thin single crystal samples, for which typical

Fig. 3. Relaxation of trapped ﬂux for fully penetrated state;
aspect ratio, k, for this sample is 0.02. (a) Remnant magnetic
ﬂux distribution after 25 s, after 2032 s and their diﬀerence
(drawn line shows the direction where Bz(x) were taken), (b)
proﬁles Bz(x) and (c) relaxation of magnetization and current.

results are presented in Fig. 3. Experimental
images of trapped ﬂux before and after relaxation
within 2000 s, and their diﬀerence are shown in
Fig. 3(a); areas with higher values of magnetic
induction are brighter. The crystal has twin structure at the top half and it is twin-free elsewhere.
This results in more pronounced turbulence [14]
at the edges of the sample, where reverse ﬂux relaxes. However, from the pictures it is clear that
at the given temperature penetration depth does
not vary along the sample, therefore pinning force
is the nearly same throughout the crystal.
From diﬀerence image it is clear that relaxation
takes place all over the crystal, particularly, there
is no signiﬁcant diﬀerence between the center and
the edges. Initial and ﬁnal proﬁles of magnetic
induction along the drawn line are presented in
Fig. 3(b). Time dependence of whole sample magnetization relaxation along with current decay is
depicted in Fig. 3(c); the current is extracted from
proﬁles as it is described in the previous section.
One can see simple linear dependence of magnetization and critical current on ln(t), which is in full
agreement with both theoretical predictions and
macroscopic measurements [2].
The picture changes drastically, when there are
two currents of opposite sign in the sample. It is
realized if external ﬁeld Hz < 2Hp is applied and
switched oﬀ. Two diﬀerent relaxations of magnetization are observed in this case. The ﬁrst relaxation, slow, takes place at the inner ﬂux part, and
the second—fast one, at outer ﬂux part, closer to
sample edges. It is also important to mention that
vortices do not propagate to the sample interior
during relaxation. This can be seen on in Fig. 4,
where remnant ﬂux distribution, the diﬀerence between initial and ﬁnal distribution, initial and ﬁnal
Bz(x) proﬁles taken along the drawn line, and time
dependence of magnetization and critical current
are shown. The diﬀerent rate of relaxation is evident from experimental images Fig. 4(a), where
the bright region in the picture presenting diminution of trapped ﬂux is more narrow than in two
other images, and this shows that intensive
relaxation doesnÕt take place in the whole region
with magnetic ﬁeld. In Fig. 4(b,c) one can see that
relaxation at outer front obeys the same law as in
the previous case, though with slightly diﬀerent
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Completely diﬀerent behavior is observed on
thicker samples with aspect ratio 1. Typical results are presented in Fig. 5, where one can see
initial and ﬁnal ﬂux density distribution, their difference and proﬁles taken along the drawn line.
Major peculiarity of relaxation compared to relaxation of magnetic induction in thin samples is similar magnetization relaxation rates at inner and
outer fronts of magnetic ﬁeld. It is also important
that ﬂux propagates to the samples interior if penetration depth is smaller, i.e. when applied ﬁeld is
less than Hp. While we emphasize diﬀerent aspect
ratio we have to mention that these experiments
were carried out on melt textured samples, because
nowadays the composite YBCO are more perfect
and more homogeneous than thick single crystals.
Note, thin composite crystals as well as thin single
crystals show diﬀerent relaxation rate at outer part
of the ﬂux and at the inner part.

Fig. 4. The same as in Fig. 3 but for partially penetrated state.

oln(j)/oln(t), whilst magnetic ﬁeld and its gradient
seem to remain nearly the same at the inner front.
Note, that the higher the temperature, the more
pronounced discrepancy in diﬀerence between
slopes of dependencies j/j0 against ln(t) for these
two relaxation. We want to emphasize that slow
relaxation at the middle of the sample and fast
relaxation at the edges was observed in all our single crystals, which were thin plates.

Fig. 5. Relaxation of trapped ﬂux for partially penetrated state;
k = 1. (a) Remnant magnetic ﬂux distribution after 1 s, after
355 s and their diﬀerence (drawn line shows the direction where
Bz(x) were taken) and (b) proﬁles Bz(x).
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Signiﬁcant diﬀerence in relaxation rates within
thin samples and more uniform relaxation for
thicker samples was observed in all our experiments with diﬀerent penetration depths, which
shows irrelevance of relaxation of intermediate
part of the sample, that is not in full critical state,
see Fig. 1. Moreover, such behavior is observed in
wide temperature range from 24 to 80 K, within
which relaxation rate changes substantially and
critical current varies from 106 to 103 A/cm2. What
is more important is that this phenomenon occurs
in presence of diﬀerent mechanisms of pinning,
at temperatures below 30 K vortices are pinned
mainly on oxygen vacancies while at higher temperatures they are eﬃciently pinned by planar defects. As this eﬀect is observed despite variety of
microscopic changes, the diﬀerence in relaxation
rates is rather sample governed than material governed. All above suggests that this macroscopic
phenomenon may be explained by diﬀerent aspect
ratio and consequently by diﬀerent geometrical
conditions. To clarify this hypothesis theoretical
consideration is presented.

4. Simulation of ﬁeld and current relaxation
We assume superconductor to be parallelepiped
and apply ﬁeld along z-axis perpendicular to the
sampleÕs plane. To ﬁnd time dependence of magnetic ﬁeld, current, and electric ﬁeld we use the following equations:
o~
B
rotð~
EÞ ¼  ; Maxwell equation;
ot
Z ~
l
½j;~
r 3
~
B¼ 0
d~
r; Bio–Savart law;
3
4p V jr j
~
E¼~
Eð~
j; ~
BÞ;

Material equation;

ð1Þ
ð2Þ
ð3Þ

which can be solved in terms of magnetic induction by inverting Bio–Savart law (2) and substituting ~
jð~
BÞ and ~
Eð~
jð~
BÞ; ~
BÞ into Eq. (1).
A few approaches for material equation exist
at the moment, and there is a discussion which
one describes superconductor better. Two of them,
which are mostly used [15] are:

 n
~
j j
~
;
E ¼ Ec
j~
jj jc
 n
~
j j
~
E ¼ Bvc
;
j~
jj jc

Ej approach;

Flux creep approach;

ð4Þ

ð5Þ

where jc is critical current and Ec, vc, and n are
parameters. In our simulation both approaches
give similar results. E–j approach is used here
due to convenience.
System of equations (1), (2), (4) can be solved
easily, if there is a simple way to invert Bio-Savarat
law (2). This is possible in two opposite approximations, namely, when the ratio of sample height
over width k is either much bigger than unity
(k  1) or much less (k  1). These two cases
are considered below.
4.1. Inﬁnite plate case (k  1)
At ﬁrst, we consider approximation of inﬁnite
plate, sample is assumed to be inﬁnite along y
and z dimensions, thus we only take into account
properties of the superconductor as a material.
In this case inverse of Bio-Svarat law (2) can be
reduced to [5–7,15]:
l0 j ¼ oB=ox;

ð6Þ

where j is directed along y axis. This allows to
solve system of equations (1), (2), (4) easily. Using
this approach, we simulate relaxation of trapped
ﬂux for full and partial penetration. Solutions
are presented in Fig. 6.
The ﬁrst plot (Fig. 6a), corresponding to full
critical state, shows that magnetic induction decreases with time, preserving almost triangular
shape of its proﬁle. This according to Eq. (6)
means the current distribution remains the same
while current density decays. In the plot for partial
penetration (Fig. 6b) one can see that along with
decreasing of ﬂux density redistribution of magnetic induction takes place. Whereas at outer
fronts critical current diminishes like it was for
fully penetrated state.
Both fully and partially penetrated state shows
approximately logarithmic law of ﬂux and current
decay (Fig. 7) with deviations from this law at
the initial and ﬁnal stages of relaxation. We did
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Fig. 7. Mean magnetization relaxation calculated for fully
penetrated state (curve with dots) and partially penetrated state
(solid line) for inﬁnite plate.

4.2. Strip case (k  1)
We assume sample to be of zero thickness along
z dimension and inﬁnite length along y dimension.
Magnetic ﬁeld is directed perpendicular to the surface of superconductor. In this situation inverse
Bio–Savart law can be written now as [15]:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z w
2
Bðx0 Þ  H ext w2  x02 0
jðxÞ ¼
dx ;
ð7Þ
pdl0 w
x  x0
w2  x2
Fig. 6. Modiﬁcation of magnetic induction distribution calculated for inﬁnite plate. (a) Fully penetrated state and
(b) partially penetrated state.

observe such behavior in measurements with thick
melt-textured samples as well as with thin single
crystal samples.
Note, in our simulation total magnetization of
the sample decreases slower for partly penetrated
state.
Main feature of the simulated process presented
above is that relaxation rate at outer and inner
fronts is nearly the same for partly penetrated state
and ﬂux enters sampleÕs interior. These two facts
completely disagree with our experimental data
for thin samples. Because of this we consider a
strip case (k  1), which geometrically is much
closer to our experiment than the ﬁrst one, because
(k)  0.04 for our sample.

where 2w is the width of the superconductor. Our
simulation made in this approach shows nearly the
same logarithmic decay of total current and ﬂux
for partially and fully penetrated state, but relaxation of distribution of current and magnetic ﬁeld is
signiﬁcantly diﬀerent.
Results for fully penetrated state are presented
in Fig. 8. One can see modiﬁcation of magnetic ﬁeld
distribution during relaxation without considerable spacial changes like in previous case. It is
important to mention that proﬁles donÕt tend to
have triangular shape now. Moreover, the curvature of B(x) is the opposite compared to inﬁnite
plate case, which is always observed for thin plates.
For partially penetrated state, however, very special behavior is found, see Fig. 9. First of all, one
can see faster rate of relaxation at outer front than
at inner front, like it was observed in our experiments. In addition, magnetic ﬁeld doesnÕt enter

188

L.S. Uspenskaya et al. / Physica C 423 (2005) 181–189

relaxation rate due to non-linear relationship between current and electric ﬁeld (4), which determines the relaxation according to Eq. (1).

5. Discussion

Fig. 8. Modiﬁcation of calculated magnetic induction distribution for fully penetrated state in thin strip approximation.

Fig. 9. Modiﬁcation of calculated magnetic induction distribution for partially penetrated state in thin strip approximation.

inner part of the sample during relaxation, which is
also conﬁrmed by our measurements.
Consideration of a thin strip gives us some
understanding about the causes for the signiﬁcant
diﬀerence between relaxation of partly penetrated
state in an inﬁnite plate and in a strip. Due to
very non-local relationship between current and
magnetic ﬁeld (7), i.e. when magnetic ﬁeld is determined by current distribution in the whole sample
rather than by current at a given point, it may happen that current is substantially diﬀerent in the
areas, where magnetic ﬁeld is the same. And even
a small diﬀerence results in signiﬁcantly diﬀerent

Eﬀect of diﬀerent relaxation rate at inner and
outer front of trapped magnetic ﬂux is observed
in thin superconductor plates. Such behavior was
observed in wide range of temperature (20–80
K), i.e for diﬀerent mechanisms of pinning. Our
simulation shows that this behavior can be explained even without consideration of creep nature
by taking into account only geometrical factor,
namely the ratio, k, of height over width. When
k J 1 or k  1 (6) is valid, which states that current ~
jð~
rÞ at a given point r~0 is determined by magnetic induction ~
Bð~
rÞ in close proximity of r~0 . When
k  1 any local dependence is valid no more. This
simple fact leads to far reaching consequences.
Firstly, this can explain why small radio frequency
noise can reduce relaxation [10,13] and ﬂux creep
in diﬀerent types of superconductor devices. Secondly, it is very important to take into account
eﬀect in question for correct interpretation of
measurements of the whole sample magnetization,
because they may give some average of two
completely diﬀerent relaxations. Finally, understanding of how relaxation depends on geometry
of the sample, particularly how distribution of
ﬁeld and current inﬂuence each other can play
important role in understanding the way twisters
are formed.
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